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SU(2) vacuum dynamics in applied external magnetic field
Paolo Cea and Leonardo Cosmaia
aINFN - Sezione di Bari - Via Amendola 173 - 70126 Bari - Italy
The vacuum dynamics of SU(2) lattice gauge theory is studied by means of a gauge-invariant effective action, both at zero
and finite temperature. Working with lattices up to 324 we check the scaling of the energy density with the magnetic length.
We find that the screening at zero temperature of the applied external magnetic field weakens by increasing the temperature.
1. INTRODUCTION
The aim of this work is to study the non-
perturbative vacuum dynamics of the SU(2) l.g.t. in
presence of a static external applied field. To this pur-
pose we use a gauge-invariant effective action for the
external background field defined by means of the lat-
tice Schro¨dinger functional[1,2]
Z
[
~Aext
]
=
∫
DU exp(−SW ) , (1)
where SW is the Wilson action and ~Aext(~x) =
~Aexta (~x)λa/2 is the external field. We adopt periodic
boundary conditions in space and time direction with
the integration constraint over the lattice links
Uµ(x)|x4=0 = U
ext
µ (~x, 0)
= P exp
{
+iag
∫ 1
0
dtAextµ (x+ atµˆ)
}
. (2)
The Schro¨dinger functional is invariant under ar-
bitrary lattice gauge transformations of the bound-
ary links. The lattice effective action for the back-
ground field Aextµ (~x) is defined by means of the lat-
tice Schro¨dinger functional Eq.(1) (T extension in Eu-
clidean time):
Γ
[
~Aext
]
= −
1
T
ln
{
Z[U ext]
Z[0]
}
. (3)
Z[0] is the lattice Schro¨dinger functional without ex-
ternal background field (U extµ = 1). In the contin-
uum limit (T → ∞) Γ[ ~Aext] is the vacuum energy
in presence of the background field ~Aext(~x). Our
gauge-invariant effective action can be used for a
non-perturbative investigation of the properties of the
SU(2) l.g.t. vacuum.
We consider static background fields that give rise
to constant field strength. In this case Γ[ ~Aext] is pro-
portional to the spatial volume V and the relevant
quantity is the density of the effective action:
ε
[
~Aext
]
= −
1
Ω
ln
[
Z[U ext]
Z(0)
]
, Ω = V · T . (4)
In particular we consider an external constant abelian
magnetic field:
~Aexta = δa,3
~Aext , Aextk = δk,2x1H ,F
a
12 = δ
a,3H . (5)
On the lattice
U ext2 (x) = cos(
agHx1
2
) + iσ3 sin(
agHx1
2
)
U ext1 (x) = U
ext
3 (x) = U
ext
4 (x) = 1 . (6)
Periodic boundary conditions imply the quantization
of the magnetic field:
a2gH
2
=
2π
L1
next , next integer . (7)
We want to compute the vacuum energy density
Eq.(4). To avoid the problem of dealing with a par-
tition function we focus on ε′[ ~Aext], the derivative of
ε[ ~Aext] with respect to β, by taking next (i.e. gH)
fixed[3]. ε[ ~Aext] can be obtained by a numerical in-
tegration in β.
We performed lattice simulations on 32× L2 × 32
lattices (L=6,8,10,16,20,24,32) with periodic bound-
ary conditions using the Quadrics/QH1 in Bari. The
links belonging to the time slice x4 = 0 and to the
spatial boundary are constrained according to Eq.(6).
The constraint on the links starting from sites belong-
ing to the spatial boundary corresponds in the con-
tinuum to the usual requirement that the fluctuations
over the background field vanish at the spatial infinity.
20 2 4 6 8
β
0
0.5
1
1.5
2
ε i
nt
(β,
n
e
xt
) / 
ε‘
e
xt
32 x L2 x 32    (L=32)
next = 1    a=0.281(3)
next = 2    a=0.165(1)
next = 3    a=0.114(1)
Figure 1. ε
′[ ~Aext]
ε′ext
versus β on a 324 lattice with the
result of the numerical integrations (solid lines).
Therefore the contributions to ε′[ ~Aext] due to the
constrained links must be subtracted and we have to
measure the derivative of the “internal” energy den-
sity ε′int obtained by evaluating the contribution to
ε′[ ~Aext] given by the dynamical links. We numerically
integrate the data and obtain (see Fig.1) for β ≫ 1:
εint(β, next) ≃ a(next)
H2
2
a(next)β , (8)
where a(next) ≪ 1 to be contrasted[3] to the case of
U(1) where a(next) ≃ 1.
2. THE SU(2) VACUUM ENERGY DENSITY
The data for ε′int(β, next)/ε′ext at the perturbative tail
and at the peak for various lattice sizes and values
of next can be expressed as a function of the scaling
variable x = aH/Leff, where aH =
√
2π/gH =√
L1/(2next) is the magnetic length and Leff = Ω1/4int
is the lattice effective linear size.
At fixed β, we can fit these data to a power-law
behavior:
ε′int(β, next)
ε′ext
= k(β)xα . (9)
This suggests that the lattice data scale according to
ε′int(β, next, Leff)
ε′ext
= k(β˜)xα , α = 1.5 , (10)
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Figure 2. The universality plot for ε
′[ ~Aext]
ε′ext
versus β −
∆β.
where β˜ = β −∆β and ∆β takes care of the shift of
the peak position of ε′int. Indeed in Fig.2 we see that
all our numerical data (for all values of aH and Leff)
can be approximately arranged on the scaling curve
k(β˜) (Eq.(9). Our numerical data suggests that
lim
Leff→∞
εint(β, next, Leff) = 0 . (11)
in the whole range of β. This would imply that in
the continuum limit (Leff → ∞), β → ∞ the SU(2)
vacuum screens completely the external chromomag-
netic abelian field, behaving like a abelian magnetic
condensate medium.
3. FINITE TEMPERATURE
We also studied the SU(2) gauge system in an ex-
ternal chromomagnetic abelian field at finite temper-
ature in order to investigate if a connection exists
between the external chromomagnetic field and con-
finement. We looked at the behavior of the tempo-
ral Polyakov loop vs. the external applied field. We
considered a SU(2) gauge system at β = 2.5 on a
323 × 5 lattice at zero applied external (i.e. next = 0)
which is in the deconfined phase of finite temperature
SU(2). If the external field strength is increased the
expectation value of the Polyakov loop is driven to-
wards the value at zero temperature (see Fig.3). A
similar observation has been reported in Ref. [4]. On
31 2 3 4 5 6
next
0
0.05
0.1
0.15
0.2
0.25
0.3
<
P>
323 x 5 
β = 2.5
Lt=32
Figure 3. The temporal Polyakov loop vs. next.
the other hand, if we start with a SU(2) gauge system
at zero temperature in a constant abelian chromomag-
netic background field of fixed strength (next = 1) and
increase the temperature the perturbative tail of the β-
derivative of the energy density ε′int(β, next)/ε′ext in-
creases with 1/Lt and tends towards the “classical”
value ε′int(β, next)/ε′ext = 1 We may conclude that
increasing the temperature there is no screening ef-
fect for the energy density, confirming that the zero-
temperature screening of the external field is related
to the confinement.
Moreover the information on ε′int(β, next)/ε′ext at fi-
nite temperature can be used to get an estimate of
Tc/Λlatt. Our data can be parameterized near the peak
as
ε′int(β, Lt)
ε′ext
=
a1(Lt)
a2(Lt) [β − β∗(Lt)]
2
+ 1
. (12)
So that we get an estimate of the deconfinement tem-
perature (see Fig.4):
Tc
Λlatt
=
1
Lt
1
f(β∗(Lt))
= 27.12(4.04)
f(β) =
(
11
6π2
1
β
)
−
51
121
exp
(
−
3π2
11
β
)
. (13)
Our result is consistent with previous studies [5].
4. CONCLUSIONS
We have studied the non-perturbative dynamics of
the SU(2) l.g.t. vacuum in an external abelian chro-
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Figure 4. Tc/Λlatt vs. Lt.
momagnetic field, by means of a gauge invariant ef-
fective action defined using the lattice Schro¨dinger
functional.
Our numerical results suggests that in the contin-
uum limit (Leff → ∞, β → ∞) the energy density
εint(β, Leff, next)→ 0, i.e.: the SU(2) vacuum screens
completely the external abelian chromomagnetic field
and behaves like an abelian magnetic condensate in
agreement with the dual superconductor scenario for
the color confinement.
At finite temperature it seems that confinement is
restored by increasing the strength of the external ap-
plied field. On the other hand the zero temperature
screening of the external field is removed by increas-
ing the temperature.
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